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THE PHYSICAL EFFECTS OF DETONATION IN A CLOSED CYLINDRICAL CHAMBER

By C. S. DRAPER

SUMMARY

Detonation in the intemal-eom.lmtim engine h etudied
a-sa phytial process. It ti shown thai detonaiwn i+?ac-
companied lqIpremure waws within tlu @inder charge.

Sound theoq ti applied to th calmlalion of reeonmd
premu.re-wauejreqwneia.

Apparatus ia described for direct mecwuremeni oj
premure-uxmejr-.

Frequem”~ detemined from two eqnkee of di&mmi
C@ndt?r .?izee are shown to a@ee wiih the m?w?e caku-
Lu.tdfrom sound theory.

An otiline of the tlworetical.lypossible mocks of wibra-
tion in a right eirculur cylinder uith~ endsG included.

An appendix by John P. lilting @w a methodof ca.?cu-
lating prwure in the sound umefoUowing oktonation.

INTRODUCTION

Detonation in the intern&combustion engine has
received Qvast amount of attention becrmse of its im-
portance in engine design and fuel selection. Discus-
sion of the general subject has often been hampered
by lack of a common deii.nite understanding of the
component parts of a complex process. Measurements
cmried out on a detonating engine must be of a physi-
cal nature, whatever the ultimate conclusions reached.
For this reason, a study of the exact nature of the
physioal processes involved should be of direct msist-
rmce in dotcmation reacarch.

If a firecracker is exploded inside a closed drum
containing air, two effects naturally follow: A series
of sound waves is set up by the sudden local increase
in prcwn-e at the explosion and the general pressure
within tho drum rises because of the energy liberated.
The frequency of the resulting sound waves will depend
on the dimensions of the drum, the air pressure, and
the position of the firecracker within the drum. It
is reasonable to suppose that the process known as
detonation in internal-combustion engines is similar
ta that taking place in the case outlined above. A
sudden pressurerise in some part of the cylinder charge
would correspond to the firecracker explosion and the
resulting pressure wavea would be analogous to the
sound waves in the drum. This assumption is the
basis of the physiod picture used in the following dis-
cussion.

Work on a particular type of physical process is
coordinated and simplified if the natural laws control-
ling the process can be discovered. Specializing this
principle to the present case, the problem of detonation
in its physical aspecti will be reduced to relatively
simple terms if it can be shown that the disturbances
within the cylinder charge follow the simple laws of
sound. The primary object of the work reported in
this paper was to check the applicability of simple
sound theory to the phywioal processes characteristic
of detonation.

Simple sound theory (reference 1) is concerned with
the propagation of small disturbances through an
elastic medium. The theory holds only for those cases
in which preaaure and densi~ changes due to the
passage of the wave are small compared to the pressure
and densi~ of the medium in ita undisturbed state.
If experiment indicates that pressure waves occurring
during detonation follow the simple sound law, the
necessary conclusion is that thwe ohanges are small
compared to the prcasure amd density of the undis-
turbed medium.

Detonation considered from the physical point of
view may be analyzed into two stages: (1) A sudden
pressure rise in some part of the cylinder charge,
which excites; (2) intense pressure wavw within the
charge.

The ii.rst stage of the phenomenon presents two
aspects: (a) a chemical process characterized by the
very rapid reaction of a portion of the burning mix-
ture; (b) a sudden local rise in pressure which is the
physioal counterpart of the chemioal process. The
chemioal phase of the process is treated at length in
reference 2.

Measurements of detonation intensity made with
an instrument such as the Midgley Bouncing Pin
(see reference 3) depend upon the sudden initial pres-
sure rise. The existence of this sharp pressure rise is
unquestioned. However, it is much more difiicult,
from the standpoint of both theory and experiment,
to treat sudden discontinuous processes than to
handle the owe of a series of waves having a simple
wave form. I?or this reason, the fit step in con-
sidering the physical aspects of detonation was to
study the second phaae of the process. The material
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presented here w-ill deal with the pressure waves
following the initial pressure rise rather than with
the impulse itself.

The work to be described was carried out at the
Massachusetts Ihstitute of Technology under the
supervision of Prof. C. l?. Taylor. All experimental
work was completed in the Internal Combustion
Engine laboratory with the cooperation of Prof. E. S.
Taylor and Mr. G. L. W*. Work on the prob-
lem was started some years ago under the Sloan and
Crane Automotive Fellowship Grants.

PRELIMINARYEXPERIMENTS

h the yam 1928 h 1930 experiments were made
with indicators in which the sensitive elements were
carbon~ule microphones. The microphone units
were coupled mechanically to stifl steel diaphragms.
In all cases the diaphragms were one-half inch in
diameter. Several units were constructed, each with
a dMerent diaphragm thickness (tbickuess varied
from 0.015 to 0.060 inch). These units were so
designed that they could be screwed into m 18 mm
spark-plug hole, the diaphragm being freely exposed
to cylinder gas presures. AU tMts were made in
engines with havy cast-iron cylinder walls, so that
the effects of cylinder-wall vibrations were minimized.
Sound records were also taken from a condenser micro-
phone placed in the free air near the engine. Oscillo-
graph records were made m“th the aid of a specially
constructed instrument (reference 4). This oscillo-
gmph was adapted to record photographically the
erents of a succwsion of engine cyclm on motion-
picture film. Check runs made throughout the course
of the work showed the recorded frequencies to be
independent of the natural constants of the detecting
and recording apparatus. These experiments led to
the conclusions noted below:

(1) In a thick-walled cylinder the indicator were
sensitive to vibrations lmmsmitted through the gas of
the cylinder charge, but not to cylinder-wall vibrations.

(2) Sound frequencies recorded by an external
microphone are the same as those shown by the iudi-
cator in contact with the cylinder gasea.

(3) Pressure waves exist in the cylinder charge
before knocking becom= audible. These pressure
waves greatly increase in intensity when the charac-
teristic sound of detonation appears.

(4) For a moderate detonation intensity in a thick-
walled engine cylinder using one spark plug, the
recorded vibrations are of simple wave form.

(5) The vibrations continue over a considerable
portion of $hepower stroke.

(6) TM ecorded frequency decreas~, as the piston
descends, by some 10 to 20 percent of its initial value.

PRELIMINARYCONCLUSIONS

Pressure waves will be set up in an elastic medium
by any sudden local p=ure change occurring in

that medium. h detonation, the excitation of pres-
sure wavea is certainly due to an impulse, so tho
resulting wave system will depend upon free vibra-
tion of some alastic system.

Two pomibilitiea prwent themselves: (1) The wnve
frequency may be determined by mechanical parts of
the cylinder and head structure, or (2) resonant
frequency vibrations in the cylinder charge may bo
responsible for the observed rcault.s.

Iu a thick-walled cylinder of cast iron the first
source of vibration will be 1sssprominent than for tho
case of a cylinder hatig thin steel walls. It seems
improbable that changes ocmrring in an engine duriug
the power stroke would greatly affeot the natural
frequency of the mechanical structure. The theory of
vibrating systems (references 5, 6, 7, and 8) shows that
for a system of unvarying mass, elasticity, and damp-
ing the frequency w-illbe constant during a sericaof free
vibrations. These considerations indicate that, in the
engine, frequencies due to mechanical vibrations will
probably be substantially constant.

Resontmt frequency pressure wavea within the
cylinder charge exkt in a medium under changing
conditions of pressure,densiw, and boundaries. These
changes will alter the frequency of any system of
pressure waves that may exist in the medium.

Experiment showed that for the thick-walled cylin-
ders the records were of simple wave form with fre-
quency decreasing during the power stroke. This
remit indicated that in the engine the pressure-wave
frequency accompanying detonation waa probably due
to resonant frequency vibrations in the cylinder clmrgo.
The subsequent work wrw directed toward chocking
this hypothesis by use of simple sound theory.

THEOREYHCALCONSIDERATIONS
WAVE EQUATION

The general theory of elasticity leads to an equation
for the motion of a small volume within the body of a
continuous medium. If the general result is special-
ized to the case of a fluid (i.e., a medium which will
not support shear), the fundamental equation of
hydro-dynamics appeam. (See reference 9.) Solution
of this equation for an elastic fluid under the
restricted case of mnall chamgesin pressure and density
leds to the wave equation in three dimensions. (See
references 1, 7, 9, and 10.) In rectnnguhw coordinates
the wave equation has the form

b% b%’ W 1 &@
52+ T$+T2-Z77 (1)

where 4 is the veloci~ potential of ordinary l@ro-
dynamical theory, i.e., if u, V,w are the velocity com-
ponents along ayz, ~
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and c is a constant which has the signiiicrmceof phase
velocity in the pressure wave.

In general for any mediuin

(2)

p is pressure

p is maw density

nnd the zero subscript indicates that the derivative is
to be taken under equilibrium conditions.

If the medium behaves aa a perfect gas, it is found
esperixnentally that changes occurring in a pressure
wave of small amplitude (pressure change small com-
pared to total pressure of the medium) are so rapid
that heat flow cnn be neglected and the process
follows the adiabatic law. Under these restrictions

(3)

q-specific heat at constant pressure
7=0, speciiic heat at constant volume

WAVE EQUATION IN CYLINDRICALCOORDINATES

I?or the study of pressurewaves in an elastic medium
enclosed by a vessel with the shape of a right circular
cylinder, it is convenient ta use the wave equation in a
moditicd form. The change consists in replacing the
rectnngulnr coordi.rmtea z y z by the cylindrical
coordirmtca r o z. With tlis alteration the wave
equation becomes (see references 7, 9, and 11):

This equation may be solved by separation of the
vrwhbles in the ordinary manner. (See references 7
and 11.) The solution may be written:

K,@r) is Bessel’s function of the second kind
and sth order

c is the velocity of sound in the medium

A,~&s, p, n and ~ are constants to be deter-

SOLUTION OF THE WAVE EQUATION FOR CASE OF CIRCULAR
CYLINDER WITH FLAT ENDS

In general, for any iixed olosed vessel completely
filled by an elastic medium, only certain systems of
standing wavca may exist after an initial disturbance

hnz subsided. The characteristic wave systems are
determined by the fact that at rigid boundaries, the
velocity of the elastic medium must always be zero
in a direction at right angles to the boundary.

The wave equation solution in cylindrical coordinate
may be fitted to the caze of a right circular cylinder of
radius a with plane ends at z=O and z.=h. The table
below- presents a summary of the conditions to be
satisfied and the results on the ivave equation.

CONDITION RESULT

~ finite evayvhere “

~=0 when r=a

B8=0

dJ@a) -oa=a root of dr

@ at 0=0 at (13+2T) S=0,1,2 . . .

~= Owhen
z= ()
z=h

p = L~,h g=o, 1,2 . . .

(~e~sine term must be

If these requirements are fulfilled, the solution be-
comes (see references 1 and 7):

@=L, ,, #L, 0, BJ*(&) ()&s (S0)COS ~Z COs(2m7’@(6)

for the case in which the phase angle c, is made zero by
a proper selection of the initial instant. In Equation
(6)

‘=CK%
(7)

(horn reference 9).
A few of the allowed values of pa are:

8=0 @a= 3.832 8=1 /3a=l.841 8=2 pa= 3.00
Ba= 7.016 /3a=5.332 pa= 6.75
Ba=10.173 /3a=8.536 pa=lo. 15

A% ~jA me co~t~~ depenti UPOIIthe ~pfitude
of the vibration and the particular modes
involved

his height of cylinder in feet
n is frequency in cycles per second
a is radius of cylinder in feet
c is velooity of sound in feet per second

LONGITUDINAL VIBRA’ITONS

Equation (6) will give a solution of the wave equa-
tion for a case in whichs, g, and B have any arbitrmy
combination of the allowed values. It will be useful
to study briefly certain special cases.

If ~a and 8 are each taken as zero, (6) reductis to

()@=&40 Cos * Cos (27int) (8)
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and (7) becomes

~=gk (9)

Fluid velocity parallel to the longitudinal axis of the
cylinder is obtained by dWerentiating (8) with respect
to z.

()v,- –gz- –z@, sin ~z C08(2nnt) (lo)

This expression appliea to the case of longitudimd
vibrations of a gas column in a tube closed at botb
ends. The sine term depending upon z acts merely
as a coefficient for the cosine term depending upon time.
Physically this means that the amplitude of the sinu-
soidal veloci~ variation with time depends upon dis-
tance along the axis of the tube.

For z=O and z=h, equation (10) fulfilk the condi-
tion that veloci~ perpendicular to the end walls must
always be zero. If g is taken as unity, a region of

1 I 1 1 1 I I I 1 1 1
0. I 2 3 4 5

Inches of pisfon fro-ntqD, h

FmuaE I.-zalnd-wawkqommy h Oylfndrfml@iMmlEr.ImnghldfrmlWavw.
Ak at 70Umm md 7W F.oyllnderr8dhm=l.626 fnclm%

maximum velocity variation will occur at the mid-
point of the tube. For huger values of g there will
be positions of zero velocity along the le~th of the
tube separated by positions at which the amplitude
of the velocity variation passes through a maximum
value. The positions of zero velocity are called
‘tnodes$’ and the positions of muinmm velocity
variation are called “loops.” In general, the loops
will be in regions of constant pressure and the nodes
will correspond tc regions of maximum pressure varia-
tion. (See reference 1.)

At rLfixed position along the length of the tube, one
cycle of the pressure wave will be completed in n time
interval l/n. The distance traveled by n point on the
wave in the time l/n is called the wave length and is

denoted by X. The relation; between wave length,
sound velocity, and frequcmcy is

c=n A (11)

I?or the case of longitudinal vibrations in a clomd
tube, the wave length is

h=2h/g (12)

Figure 1 is a plot showing calculated frequency ns n
function of piston position in a Waukeshn C.I?.R.

O--------.
‘.1e

lx

(@IB 10.f5=—

(Lines ore project%s
of &o/ surfaces)

FIGURE 2—Somrd.wave froqnmmy inoylfndrfmldmmimr. Tronsvwsownva%

+.A.,pJ. (&) cm (Mcm~zU z~
#=q 1,2......
u-o,1,2......

‘“4%%
r-a=l.E26 fmhm
bhtiht of ohomber
fdrquelroy
C=mfrdty Of.wtmd
a=radfmof oylfnder

mgi.ne,the cylinder containing air under atmospheric
mxsure. The lowest of the three curves is Dlotted.
or the simple case discussed above. Since /3is mado
mo for this case, the frequency must be independent
If the cylinderdiameter. If any otllem of tho O11OWW1
mlues of B are selected, the vibrations becomo moro
omplicrked and the corresponding value of frequency
vill depend upon cylinder diameter. The two upper
urves are plotted for values of P as indicated.
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TRANSVEEWE VIBRATIONS

In equation (6), if g is made zero the resulting values
of # will be independent of the height of the cylinder.
The wave systems may be represented in two dimen-
sions; in fact, the vibrations are stictly analogous ta the
waves that occur on the surface of water contained in a
circular vessel.

If both g ands are made zero, the vibrations will be
independent of cylinder height and of angular position,
i.e., the pressure wmvcswill be symmeticsl. For the
lowest allowed value of p the only nodal surface will
be ~t the cylinder wall, which must always be a node.
For the next highest allowed value of f? there will be
one cylindrical nodal surface in addition to the wall
itself; the third allowed value of /? will correspond to
the case of two cylindrical nodes, etc.

For the case ofs= 1 there will be one nodal surface
in the form of a plane pas-singthrough the axis of the
cylinder. In general, there will be a number of
equally spaced nodal planes equal to the value of s.
The various combinations of values of g and /3 will
give correspontig combinations of nodal planes and
nodal circles. Since all the cases in which ~is not zero
show rLvm”ation in conditions with angle, these types
of wave systems are called unsymmetrical modes.

l?igure 2 shows a summary of the lowest frequency
tmnsverae modes of vibration for the C.F.R. engine
cylinder contain@ air at atmospheric pressure. The
corresponding nodal surfaces are indicated diagram-
matically in the same figure.

The diagrams of figure 3 (obtained horn reference
!-l) show the forms of the lines of equal pressure, to
wkich the motions of the particlea are orthogonal, for
two trrmsveme modes of vibration. Diagram (a)
shows the equal pressure lines for the case of a single
nodal plane. Diagram (b) shows the case in which one
nodal cylinder exists in addition to the nodal plane.
If the full linesrepresent instantaneous pressuresabove
the equilibrium pressure, the dotted lines will represent
pressuresbelow the equilibrium pressure.

Since the circle is n symmetrical shape, there can be
no reason based on the form of the circular cylinder
for the existence of unsymmetrical modes of vibration.
IU the unsymmetrical cases, the position of the nod~
plane must be determined by the manner in which
the Vibmtions me excited. For an engine cylinder,
unsymmetrical vibration modes could be produced
by local disturbances occurring near the cylinder wall.
The angular positions of these disturbances would
determine orientation of the resulting nodal planes.
Thus, it would be expected that a single local disturb-
ance occurring near the cylinder wall would set up the
first unsymmetrical mode of vibration with the nodal
plane at right angles to the diameter upon which the
disturbrmceoccum.

GENERAL MOD= OF VIBRA~ON

In general, any combination of longitudinal and
transverse vibration may occur that corresponds to
allowed values of g, s, and /3. The corresponding
nodal surfaces may become very complicated but
they always consist of combinations of the simple
types considered above.

RELATION BETWEEN FREQUENCY AND CYLINDER CHARGE
CONDITIONS

Equation (11) gives the relation between sound
velocity, wave length, and frequency in an elastic
medium. For the case of pressure wuvcs within an
engine cylinder, wave length-for a given mode-
will depend upon the size and shape of the cylinder
and the combustion chamber. If the engine is of the
valve-in-head type with both the head and piston flat,
the theory outlined above may be applied. By use
of equation (11) with equation (7) the various wave
lengths corresponding to simple modes of vibration

(a) (b)
FK+uaE 3.—LinEs Of emIStEmt ~ fortvmhamveHa nlc&sofvfbtiOn In

drmfar oylfndm (a) Sfngle ncufal Planq (b) one ndal OYlhier in additfon to
mxbd plme.

may be edimated. The expression for wave length
becomes

-1

For the special case of g=O, (13) becomes

(13)

(14)

where pa may take any of the values allowed by (6).
If the fit unsymmetrical mode of vibration is

considered

(15)

In the engine cycle, piston position changes in a
lmown manner with crank angle, so that size and
shape of the enclosed chamber are completely deter-
mined at any instant. On the other hand, sound
velocity depends on conditions in the cylinder charge.
Through proper measurements, it is po=ible to ~ti-
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mate instantaneous values of sound velocity with a
reasonable degree of accuracy. A continuous record
of pressure-wave frequency may be essily obtained.
By combination of the frequency data with calculated
sound velocities in equation (11) the corresponding
value of wave length may be obtained. Comparison
of the wave length determined in this manner with
values computed from cylinder dimensions for dif-
ferent modes, will serve to indicate which mode is
excited in a given case. For complicated modes
difficulty may be encountered in carrying out this
process, however, for the simpler cases, wave-length
differences are so great that deiinite resuh% can be
rtttained.

The relation between the variables ccmcerned is
found by combining equation (3) with equation (11)
to obtain ,—

(16)

Equations (13) and (16) summarize the predictions
of simple sound theory with regard to the vibration

.2. 1 1

~OTJFIEL—bflT.lateOf- of frc8wre fndkatm.

frequency of resonant wave systems in a right circular
cylinder with flat ends.

It will be shown that experiment produces results
consistent with calculations bssed on sound theory.
This agreement indicates that simple sound theory
may be applied te the pressure-wave phenomena which
accompsny detonation.

The following section will outline the experimental
methods and apparatus used in obtaining the necessary
data.

APPARATUS
GENERAL

The experimental work requires, in addition tc the
ordinary laboratory equipment for engine research,
apparatus for precise measurement of equilibrium pres-
sures and an instrument to determine pressure-wave
frequencies in the engine cylinder.

PRJHSUEE MRASUEEMEN’IW

The M.I.T. engine indicator gave satisfactory
records for pressure determinations. The instrument
is described in a recent article (reference 12). In
operation, the M.1.T. engine indicator supplies a
spark reccrd made on a rotating drum similar to that
of the I?arnboro indicator. (See reference 2.) The
sensitive unit is of the balanced prwsure type using a
diaphraem in the manner of the Bureau of Standsrds

indicator. An electricalcircuit incorporating a General
Electric Thyratron tube produces a apnrk of sticient
intensity for recording purposes. The circuit is con-
trolled by the make or break of contact between a
thin steel diaphragm and an insulated contact. Since
only the grid current of the T&ration flows between
the contact and the diaphragm, satisfactory operation
is possible over relatively long periods of time, An
extended series of teats hns shown that the M.I.T.
indicator is both accurate and reliable.

FREQUENCY MEASUREMENTS

An instrument 1 for recording pressure-wave fre-
quencies was developed especially for use in detonation
work. This device has three cemponent pints:

(a) A unit sensitive to pressure changes.
(b) A vacuum-tube amplifier.
(c) An oscillograph.
Sensitive unit.-Figure 4 shows a cross section of the

indicatar unit. An exciting,winding E is carried by a
ccre C of cold-rolled steel. The projecting end of C,
with a cylindrical opening in the shell S, forms an
annular air gap A. A diaphragm D of heat-treated
alloy steel is rolled into the steel shell S and carries
the moving coil M at the end of a small pillar. The
coil is wound on a very light spider of aluminum alloy.
The complete assembly of the diaphragm and coil
weighs less than 2.5 grams. A copper tube T is
mounted in a bakelite insulator I so that its opening
lines up with a central hole in the com C, through
which ceoling air is supplied to the moving coil as-
sembly. The cooling air is discharged through n
series of openings F in the shell S. The central air
passage also serves as a means of bringing the iu-
sulated lead from M out to T, which acts aa one
electrical terminal

The moving coil indicator depends upon the voltnge
generated in a wire when that wire is mado to cut
lines of “magnetic flux. This voltage is directly pro-
portional to the rate at which flux lines are cut by the
wire. In the present case, the yelocity of the coil will
depend upon the rate of change of pressure in tlm
engine cylinder. The induced voltnge will be n
function of the rate of change of pressure, rather
than of the magnitude of the pressure. A certain
reaction on the constant magnetic field of the nir gnp
will result from current flowing either in the pick-up
coil itself or in the metallic cylinder carrying the coil.
Since the coil currents are small no serious error is to
be expected from this source. A series of tests, made
with coi.1-cnrryingcylinders having slots parallel to
the axis of tho shell rmd extending almost to the
base of the coil, showed no detectable effect on the

1The fndfmtor describai fn the present pep=arw’&!d9velo@ without knowledgo
)1 the work of Prof. AngmtnY Trcnvbrfdge of Princeion Urdverdty, (Tmne. of
lociety of Automotive Eogfnmr& To]. 17, G Ij M%.) The tmitar tvlshm to CM
Wtentfon to the prforftg of Profeswr ‘f?rowbrfdge fn the construoifon of a moving
!ofl fndfc=3t0rfor engfne rwmroh.
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records as compared with coils wound on solid shells.
This result justifies the conclusion that no consider-
able error is present from currents induced in the
metal of the coil structure.

AmplMer,-Experiment showed that satisfactory
equipment should be able b produce records over a
frequency mnge of 3,000 to 10,000 cycles per second.
In practice, the sensitive units do not produce suf-
ficient current to operate a suitable oscillograph
directly. This difficulty was overcome by the con-
struction of a two-stage resistance coupled amplifier
having a reasonably linear output-current range of
about 400 milliamperes. The amplifier was adapted
for use with the General Motors indicatm (see refer-
ence 13) as well as the moving coil indicatom.

Mgure 6 is a diagram of the amplifier unit. A
single screen grid tube is coupled by the resistance
R. with an output stage of 6 tubes in parallel. Plate
voltage for the first stage is supplied by a battery of
dry cells,while a bank of storage batteries furnishes cur-
rent for the output stage. The
grid biasing potentiometer A
makes it possible to obtain any
desired direct-current component
in the output tubes as measured
by the meter 1.. Since the ampli-
fier is ordinarily coupled directly
to an oscillogmph vibrator, a bal-
ancing arrangement consisting of
the rheostat E and a storage bat-
tery connected to the tap switch
Nis used to reduce the direct-cur-
rent component in the output
circuit to zero. The correct ad-
justment is indicated by the sen-
sitive galvanometersG. A meter
V connected ton three-point tap
switch B is usefuI in checking
filament and plate voltages dur-
ing operation.

tude to the applied primary voltage multiplied by
the ratio of the number of turns on the second~ to
the number of turns on the primary. The argument
outlined above will apply in any case for which the ‘
voltage applied to the plimary is never constant over
a time interval comparable to n reasonably small
fraction of the time constant of the primary circuit.
(See reference 14.)

A series of tests were mnde with a “square wnve”
voltage impressed on the primary of the input trans-
former. These tests showed that the ampliiier and
coupling transformer system will transmit satisfactorily
an arbitrary voltage variation if the disturbance is
completed in a sticiently short time. Using the input
transformer and amplifier without the output trans-
former, the time requirement is such that a good repro-
duction of the rate of change of pressure card, as dis-
tinct from the pressure waves of detonation, can be
obtained at engine speeds over 800 revolutions per
minute. Throughout the work all data were taken

~+B

Vp=250v
Tf

5. ; _B

E
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s~
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. .
Nob T inokofes fihe deloy swifch

E=E3
h
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S;’.

VR closing p/ote ci~uif 2.5 minufes c‘..S7 OJ5U
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55V 4 poinf”~ ~
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Fmmm S.-AmplIEeJ IJSXI!n nmkiu detonation reccud%

in practice, usable records maybe obtained by con-
necting the moving coil directly to the ampliiier input
rmd the oscillograph directly to the amplilier output.
The records made with direct coupling were supple-
mented with records made using specially wound
input and output transformers. In general, a trans-
former so constructed that the same flux links each
turn of the primary and each turn of the secondary,
will hwve the same voltage induced in every turn of
both windings by changes in the linking flux. If the
primary circuit has a small resistance, while ik in-
ductance is high, the resistance drop maybe neglected
in comparison with the self-induced vohhge of the
winding for sticiently rapid changes in primary
current. Under these conditions the induced primary
voltage may be taken as equal in magnitude to the
externally applied primary voltage and consequently
tho induced secondary voltage will be equ~ in magni-

from 2 sets of records, 1 set made with the ampliiier
alone and a second set with the input transformer and
amplifier but without the output transformer. There
are no observable diiferenccs between the two sets of
records so far as detonation frequencies are concerned,
but the increased sensitivity resulting horn use of the
input transformer produces records more suited to
direct inspection without enlaqpnent.

Osoillograph.-The problem of making a continuous
record of pressure-wave frequencies accompanying
detonation led to the construction of a special oscil-
lograph capable of resolving frequencies over 10,000
cycles per second and including a number of successive
engine cyclw on the same record. This osci.llographis
described in an article by the author and Mr. D. G. C.
Luck (reference 4).

The instrument takes advantage of a short distance
betwwm the oscillogmph mirror rmd the recording
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film to obtain good photographic records at high effec-
tive & speeds. It is possible to use lengths of motion
picture fihn up to 40 feet.

Combined amplifier and oscillograph system.—
Figure 6 is an experimentally determined sensitivity
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curve for the amphfier-oscillograph system with
coupling transformers.

The nonlinear nature of the response is undesirable,
but if frequency data only
110 diihd;y is - introduced
so Iong as consideration is
limited to simple wave
forms. An extended series
of tests showed the appara-
tus to be free from any tend-
ency toward self-oscillation.

It was found in practice
that sufficientcoupling exists
between the ignition circuit
of the engine and the indi-
cator system to give a re-
liable reference point on the
oscillograph remrd for each
engine cycle. The magg-
tude of the spark pichmp
effect can be varied over a
considerable range by the
proper application of elec-
trical shielding or by alter-
ation of the input circuit of
the amplifier.

are to be considered,

both cases the cylinder head and piston were flat and
the combustion chamber had the same bore as the
cylinder proper. The bore of the C.F.R. engine wns
3% inches while the N.A.C.A. enetie had a bore of 5
inches. Figure 7 indicates diagrammatically tho
experimental arrangement with the C.F.R. engi.rm
All runs were made with the indicator units located
directly across the cylinder from n single spark plug.
The records showing detonation were taken under con-
ditions of moderate intensity as judged by om.

Figures 8 and 9 show two sets of specimen records,
one made without detonation and the other with deto-
nation present. Figure 8 shorn comparable records
taken with the M.I.T. indicator, the General Motors
indicator and the rate of change of pressure indicator
dur@ normal oparation of the C.F.R. engine. Figuro
9 is a set of records like thrttof figure 8 except that the
C.F.R. engine was operatirg with detonation induced
by the addition of 1 percent ethyl nitrite to the fuel,
In this case, the M.I.T. indicator record has a greatly
extended line of points near maximum pressure corre-
sponding to the sudden pressure rise characteristic of
detonation. It will be noticed that the espmsion
line starts from about the sanie pressure as in normal
operation but has its points somewhat more widely
dispemed. The high peak pressures without a corre-
sponding change in the expansion line are proof that
the high pressure is a local phenomenon rather than a
general cylinder pressure. Figure 10 is n composite
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EXI?ERIMENTALWORK I
General.-Records of pressuresand frequencies were

token from two engines, one a Wmdmsha C.J?.R.
engine and the other an N.A.C.A. universal test
engine equipped with a special cylinder hetid. In

enlargement to the same crank rtngle scale of tho
General Motors indicator record and the rate of
cha~”e of pressureindicator record tnlmnfrom figuro ~.
These records show that these two instruments which
are widely different in construction indicate the smmo
frequency during detonation.
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Detonation frequency measurements,-Osoillograms seems certain that variations from cycde to cycle in
were made for each engine usi.qg the movingail engine operation axe responsible for n major portion
indicator. Check runs were made in both cases using of the observed dispemion of the points in the indi-
n “blind plug” adapted to shield the sensitive unit cater record.
from gas pressuw. Records made under this latter In order to obtain good values, only prwsure duta
condition showed no trace of the cylinder resonance taken for crank angles well after tip center were used
frequency. Frequency data to be us~dfor comparison I in the calcdations. -

l’”*m

.-, .- -——
----

, . ..,
. . .., . . ...— ___
G.lX. Indicator

.
. . > --. ,-

—. . . .,.

.
t ). . .

tLp/dt Indiuatorw

-

mum 8.—IndJcator records taken during n- en8iM OWIWOL O.F.E. de @, la r.P~ . _

with computed vrdues were taken from the records of
figure 11.

Pressure measurement.-l?igures 8 and 9 show the
Lypo of records obtnined with the M.I.T. indicator.
The dispemion of points on the combustion line may
be wwied by mixture ratio adjustment and control of
the engine intake. Tests on certain ena$nes have
shown records with well-defined combustion lima so it

Measurement of indicator natured frequency,—IVo
means for determination of a complete frequency-
response curve of the moving coil unit was available.
However, it was found thnt the mituml frequency of
the diaphragm could be excited. by the”impact of a
hardened-steel ball driven by compressed nir; “-

Records made with the usual equipment showed the
natural frequency of the diaphr~~m and coil system
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to be between 10,000 and 11,000 cycles per second. color after an extended pmiod of operation in n
In all cases the disturbance due to the impact of the detonating engine. The temperature corresponding
ball w-asentirely damped out in about one-thousandth to a straw “temper color” is less than 500° F., so it is
of a second. In m engine running at 1,800revolutions valid to conclude that under operating conditions the
per minute on~thousaudth of a second corresponds to diaphragm never reached this temperature. E.xperi-
about 10° of crank travel. To make sure that the ments carried out at M.I.T. have shown that the
effect of any possible transient in the indicator dia- variation in the elsstic modulus of steel is leas than 10
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phragm was negligible, data were taken hem the
records only after a minimum of 30 crank degrees had
prosed since the initial impulse.

The possible effect of temperature on the elastic
properties of the indicator diaphragm was con-
sidered. It was found that the outer surface of a
polished indicator diaphra=gnshowed at worst a straw

percent up to a temperature of 500° F. (reference 16).
Since the elastic modulus enters as a square root into
the expression for the natural frequency of a dia-
P- (reference 7) the natural frequency of the
moving system in the indicator could not have been
ailected by more than 5 percent at operating tem-
peratures. On the basis of these results it is certain
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that the ndmral frequency of the indicator diaphragm
was well above any frequency found in the engine
detonation records.

Measurement of cftiikr-reson’anca- fiequenq,’-
Detmnimtion of the vibration mode excited in the
gus enclosed by a cylinder involves measurement of
frequency under lmown conditions of pressure and
density. This problem was attacked for the present
case by explosion of the primer from a pistol shell
within the engine cylinder. The primer was exploded
near the cylinder wall wi@ the moving-coil indicatm
located diametrically opposite. Records were made
with air at atmospheric pressure for six different
crrmkpositions of the C.I?.R. engine.

The oscillograms resulting from this procedure are
shown in figure 12.

DISCUSSIONOF DATA “

Calculation of cylinder-resonance frequency on the
basis of simple sound theory involvw the use of
equation (16). The necessary data are simultaneous
values of equilibrium pressure po, equilibrium density
PO,rfitio of speciiic heats y, and wave length X.

DETERMINATION OF WAVR LENGTH

Theory indicates that for a given mode, the wave
length of standing waves in a v-01 with rigid walls is a
function only of the size and shape of the enclosure.
Theory also shows the relation between wave length
and frequency for the present case. It seems reason-
able to assume that for a given chamber, the same
mode of vibration will be excited by a certain type of
disturbance, no matter what the constants of the
enclosed elastic medium. On this baais it seemed
probable that a pistol primer exploded near the
cylinder wall would set up the same type of wave
system as that excited by the rapid burning of n
similarly locuted portion of the cylinder charge in
detonation. For the operating engine, the excitation
of pressure waves must occur with the piston near its
upper position. To have an analogous case’ for the
pistol-primer explosion the experiment should be
carried out with the piston near its top-center position.

The two upper records of figure 12 show the fre-
quency re9ulting horn explosion of a pistol primer
near the cylinder vm.11for crank angles less than 30°.
The measured frequency is about 2,600 cycles per
second. Figure 1 indicatea that for corresponding
conditions, the lowest longitudinal fkequency is
about 6,600 cycles per second. It follows that the
mode actually excited is not a longitudinal mode.
On the other hand, figure 2 shows that the frequency
of one transverse mode is about 2,400 cycles per
second, the next lowest frequency being about 4,000
cycles per second. Evidently the mode excited by
the pistol primer is the fit unsjinmetrical mode with
one nodal plane, aa indicated in figure 3 (a).

The small discrepancy between the measured and
calculated frequencies may be attributed to the
increase in air. temp.erattie. resulting from energy
lib&at6d by the pistol-primer implosion. ‘

The theory indicates that the longitudinal fre-
quencies are not necessarily multiples of the trans-
verse frequencies, so the wave form for a case in which
both transverse and longitudinal frequencies are
excited will not repeat itself on the record. The
nature of the phenomenon thus makes exact fre-
quency estimates di.i%cult;however, the oscillograms
of iigure 12 for chamber heights of 2.2 and 3.5 inches
show beat frequencies of about 550 cycles per second
and 650 cycles per second, respectively. If it is
assumed in each case that the beats are due to com-
bination of two frequencies, one of which is 2,600
cycles per second, the second frequency would be
2j600&550=3,150, or 2,050 cycles per second for
h=2.2 inches and 2,600&650=3,250, or 1,950 cycles
per second for h=3.5 inches. Figure 1 shows the
simple longitudinal mode corresponding to a fre-
quency of 3,200 cycles per second for the &t case
(corresponding to the higher frequency) rmd of 1,950
cycles per second in the second case (correspond@
to the lower frequency). The experimental results
thus show that, for a chamber of height comparable
with the cylinder diameter, both longgtudimd and
transverse modes are actually excited.

If the iirst unsymmetrical mode of ‘vibration is
excited with the piston near its top-center position,
it is reasonable to expect that this mode would persist
as the piston travels downward. For the case in
which no further excitation occurs, the simple wave
form of the pressure-time record should be preserved
during the piston descent.

On the bask of the considerations outlined above,
detonation pressure-wave fkequency was assumed to be
due to the first unsymmetrical transverse mode.
The corresponding wave length as computed by
equaIion (16) was used iu the ilequency crdculations.
This wave length depends simply on the cylinder
diameter and will introduce no appreciable uncer-
tainty in the calculated frequency.

DETERMINATION OF CHARGE DENSITY

For any given cycle in the 4-stroke~ycle engine, the
cylinder charge is composed of exhaust gas left in the
clearance space from the preced@ cycle, air from the
atmosphere, and fuel vapor. Once the intake valve
is closed, the weight of gas within the cylinder is
constant throughout tho compression” and power
strokes except for leakage. No experimental work
on the problem of leakage was carried out in the
pre+nt case. In the absence of better information,
it was assumed that leakage did not afFect the results
more than 2 percent.
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Computation of the weight of exhaust gas left in the
clearance space involves a knowledge of the molecular
weight of this gas and its temperature. Following
the data given by Pye in reference 2, 900° C. seems to
be a reasonable value for the temperature. Study of a
number of exhaust-gas analysea leads to the selection
of 28 as a good average value for the molecular weight.
(See reference 16.) The residual gases furnish some-
what less than one-tenth of the total cylinder charge
so that an assumed 10-percent error in th& quantity

FVXSE 12.-VarfFItfon of 0. and T wfth &an@ of tenweratnro and mfxuua ratio.
Data taken fmm reference U. G= mmpmkfon:

Mixtnre I ml

oc&::.-._--.– 8.2
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co---------- d
cH4–_-._._–_-
HL.-—----------- i:
NL__________ 69.8
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14.s1

H.:
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would introduce about l-percent error in the final
density.

For the C.F.R. engine experiments, an oiiiice was
used in &-flow measurements. The resulting data
axe certainly accurate to within 10 pexcent. A Roots
blower type of air meter -ivaaused in the N.A.C.A.
engine work. The results should be valid to within
2 percent.

Fuel-flow “measurememk were made in the usual
manner and should introduce less than 1 percent error
in the final result.

Assuming that each uncertainty is as likely to be in
one direction as the othar, the resultant uncertainty
in densi~ will be equal to the square root of the sum

of the squares of the component uncertainties. (Serf

reference 17.)
For the C.F.R. engine teat the uncertainty in density

will be about 11percent, while for the N.A.C.A. engino
the corresponding uncertainty will be about 3 percent,

DETERMINA~ON OF PRESSURES

Pressures may be read from the M.I.T. indicator
records to within 5 pounds over the portion of the
cycle’ adopted for study. Pressure magnitude are
above 100 pounds per square inch absolute. It
follows that the uncertainty in pressure measurement
is less than 5 percent.

DETERMINATION OF RATIO OF SPECIFICHEATS

The ratio of speci6c heats may be written

c
7= $-d (17)

where QP and C’, are expressed in gram caloriea pm
gram mol. (See reference 2.)

Data are available on CPas a function of temperature
for various gases (reference 18). For tempemturea
in excess of 1,800° C., the uncertainty in UPis rather
large. However, for temperatunw less than this
value, Eastman (reference 18) estimatea that the
uncertainties in the values of CP for the gnsea C02,
H,O, N*, CO, etc., are all less than 3 percent. Cal-
culations in the present report were limited to a
range of the expansion stroke for which temperatures
estimated horn the gas law were between 1,600° and
2,100° C. Under these circumstances, it seems
reasonable to assume that the CP values for tho
cylinder charge are known to within 6 percent.

An estimate of the uncertainty in the finnl result,
made in the usual manner, shows that CfJC, should
be within about 2 percent of its true vahm. (See
reference 17.)

Figure 13 is a plot, based on Eastman’s datoj of
C. and Y against temperature.

DIRECT MEARUREME~ OF FREQUENCIES

Data were taken from the records of detonation

pressure-wave fiequenciw only for crank anglea well

after the initialexciting impulse. This procedure

eliminated the effectsof possible transients in the

indicating apparatus.

In making frequency estimates, the record was

measured over a period from 5° before to 5° afterthe

craik angle considered. Since the variation in fre-

quency over a 10° crank interval was of the order of

2 percent, the procedure used could not introduce

any very seriouserrorin the finalresult.

A microscope comparator was used to measuro

fiequenciea horn the records. The N.A.C.A. engirm
records were taken ,tith a film speed of about 226
inches per second. At this speed it is possible to
obtain check frequency readings to about 2 percent.
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The C.I?.R. engine records were made with somewhat
lower film speeds and the uncertainty in the measured
frequencica is about 5 percent.

PEECIS1ONESTIMATE

Equation (16) shows that pO,pO, and ~ each occur
under a square-root sigg in the calculation of preasure-
wave frequency. It follows (reference 17) that a
l-percent uncertain~ in any one of the three quanti-
ties will introduce but one-half-percent uncertainty in
the computed value of frequency. Using the assump-
tion of equally likely positive and negative errors in
each case, the resultant uncertainty in frequency will
be the square root of the sum of the squares of the
individual components. Table I is a summary of
prectilon datrufor both the experimenizil cases.

The resultant uncertainty of frequency calculated
from the C.F.R. engine data is about 7 percent.” The
corresponding uncertainty in calculated fkequency for
the N.A.C.A. engine is about 4 percent.

DISCUSSIONOF RESULTS

Table II is a summary of results from the N.A.C.A.
engine datn. The second, third, and fourth columns
give the estimated values of PO,p., and Cp/C, while the
last two columns contain the calculated and observed
frequencies for the same crank angles.

Figure 14 contains plota of measured and calculated
frequencies against crank angle for both the experi-
mental casea. Certain points on the C.I?.R. engine
frequency curve were checked 2 or 3 times in sepaxate
runs with alterations in the indicating system. The
results of these individual runs are shown as distinct
points on the plot.

Calculated values agree with the experim~tal values
within rm average of about 6 percent for the C.F.R.
engine curves and within 3 percent for the N.A.C.A.
engine curves. The results of experiment thus check
with the predictions of simple sound theory within the
experimental uncertainty for two engines with a rela-
tively large difference in cylinder size.

CONCLUSIONS

The work outlined leads to the following conclusions
with regard to detonation in the internal combustion
engine:

(1) Detonation is accompanied by pressure waves
within the cylinder charge.

(2) These pressure waves follow the laws of simple
sound theory.

(3) Resonance phenomena within the cylinder
charge determine the pressure-wave frequencies.

GENERALDISCUSSION

At tit glance it seems remarkable that the experi-
mental procedme should produce result-sagreeing so
closely with the predictions of an approximate mathe-

G91—3%25

matical treatment. However, the assumptions used
in development of simple sound theory are similar to
the approximations made when Hooke’s law is used
in the theory of elasticity. In both cases the essence
of the matter is that attention is limited to relatively
small disturbances from the equilibrium state. Ap-
plied to the present study, this means that for not too
severe conditions, the pressure changes involved in
the cylinder pressure waves are small compared to the
absolute pressure esisting in the cylinder. The
oscillograph records used for frequency determinations
are of little value for direct study of pressure mag-

law -
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nitudes in the waves. However, a reasonably good
estimate of the pressures existing in the wave front
has been made by Mr. John P. Eking (see appendix),
who bases his result on the amplitude of particle mo-
tion in the wave as shown in flame photographs. Mr.
Elting’s work indicates that the maximum pr~ure
above equilibrium in the wave is about 25 pounda per
square inch. Comparing this with an equilibrium
pressure of 415 pounds per square inch absolute, shows
the wave involves changes which are of the order of 5
p’ercent of the total pressure. This evidence from an
independent experimental method conflrrns the pre-
diCtiOIISOfsound theory.

An examination of the initial pressure rise accom-
panying detonation requires a knowledge of the indica-
tor+ystem response to sudden nonrepeating pressures.
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It is probable that theoretical treatment of the initial
disturbance mid of the problems entering under condi-
tions of intense detonation will necessitatemethods tali-
ing into rmccnmtrelatively high wave-front pressures.

It is obvious horn the theoretical discussion that
any change in the size or shape of the combustion
chamber will alter the resulting pressur-wave record.
Under the limitations of prwent mathematical knowl-
edge, the range of forms for which a rigorous theoretical
treatment may be developed is rather small. Studies
of free liquid surfaces in models might yield interesting
results for combustion chambera of irregular shapes.
If the matter proves to be of su.iliciqntimportance, it is
probable that graphical methods similar to those of
optics might be developed.

Theory predicts that the pressure-wave system
excited in a particular case will depend upon the loca-
tion of the initial impulse. It is thus to be expected
that the shape of the pr-ur~wave records for n
given cylinder will depend upon the location of the
detonating portion of the charge; hence upon the
number and relative positions of spark plugs. Since
the wave systam exists in the cylinder charge for a
comparatively long time, any general motion of the
charge will alter the relation between a necwsarily
stationary indicator and the nodal surfaces of the
waves. The resulting record w-ill be complicated by
the variation in wave amplitude due to orientation
changes, in addition to the normal decrease between
successive cycks.

A paper published early in 1933 by Professor
Wawrziniok (reference 19) describes certain experi-
ments tied out on the noises accompanying explo-
sions of fuels. This reference was received after the
work reported above -wascompleted.

The experiment of Professor Wawrziniok were
carried out in closed chambers, the sound frequencies
being measured with suitable apparatus placed in the
bee air outside the chamber. These chambers had
lengths somewhat longer than their diameters and
the ignition spark occurred near the middle of one end
wall. Additional testi were made on sound frequencies
resulting from a single fuel explosion within the cylin-
der of an engine.

COHTTEE FOR AERONAUTICS

Sound frequencies observed outside the closed
chamber cerreaponded to resonant longitudinal waves
within the chamber. The engine experiments led to
the conclusion, “* * * the maximum length of tho
combustion chamber seems to be the determining
factor in the development of noise.”

No quantitative data are available at present on the
rates of change of pr~ure responsible for pressure-
wave excitation in a detonating engine, so no compari-
son can be made with the pressure changes measured
in the closed chamber experiments. However, once
the exciting impulse has subsided the resulting system
of pressure waves in the engine should be determined
by the same laws as in the closed chamber. On this
basis, the results of the writer may be compared with
those of Professor Wawrziniok.

The records of figure 12 that were taken from pistol-
primer explosions in the C.F.R. engine cylinder for
various piston positions were made under ‘tclosed-
chamber” conditions. For the caseain which cylinder
diameter was over three times the chamber height,
the record is due to transverse vibrations. As the
cylinder height beccmes approximately equal to the
diameter, longitudinal frequencies appeared in addition
to the transverse vibrations. These observations
check nicely with the conclusions of ProfeaserWawrzi-
niok and supply &e amendment that chamber shape
as well as maximum chamber length will affect the
sound record.

A systematic investigation of the effect of spark-
plug location on the pressure-wave systems both in
fixed bombs and in engine cylinders should furnish
valuable information in connection with the general
problem.

The various problams suggested above are now being
studied at the Massachusetts Institute of Technology,

MASSACHUSFWIIS INSTITUTE OF TECHNOLOGY,

CAMBRIDGE, MASS., October1933.



APPENDIX

CALCULATION OF PRESSURES IN THE SOUND ‘WAVE
FOLLOWING DETONATION

By JOHNP. ELTING

The general theory of sound protidea a means of
calculating the pressure existing in a sound wave if
the displacement of the particles ‘can be determined.
Aflame record that shows the sound trace after detona-
tion permits such a measurement. The frequency
and the velocity of the sound wave may also be deter-
mined by a lmowledge of the fl.b.nspeed and thelength
of the combustion chamber.

Aflame record is presented (ilg. 15) showing detona-
tion for which data were taken. An L-head engine
was used having a shallow combustion chamber with
rectangulsx boundaries. For a plane wave, the &17er-
ence in pressure between the average and that in the
condensation of the wave is given by:

(see reference 1, and reference 20),

where n is the tiequency
c is the velocity of sound

-j=~, ratio of specific heats

I?Ois the average pressure

P is the pressure in the condensation
z is the displacement of the particles

In order to mesaure these quantities from the flame
record, we see that:

()c=2L &

where
L is the length of the combustion chamber
d is the distance between timing marks
2’ is the time interval represented by d
D is the separation of successive wave traces

and so

d
‘“m

Hence

P–Po=r~P&G

where we remember that z is the aotusl displacement
of the particle-s from equilibrium in the combustion
chamber.

The displacement z is considered to be equal to one-
half the apparent motion of the flnme. A mean value

for several “of the flames was obtained by direct
measurement on the film with a comparator. Like-
wise, the magnification ratio was also determined.

The following quantities were obtained:
ActusJ displacement of p@icle9=0.12 inch
Length of combustion chamber=7.00 inches
l?mwure from M. I. T. indicator ( approx.)= 400

lb./sq.im .

The ratio of spedc heats taken horn figure 13=1.27
The computation:

(1.27) (3.14) (400) (0.12)/(7) =27.4 pounds per
square inch. ThiE result shows that the order of
magnitude of the pressures existing in the condensa-
tion of the sound wave is about 25 to 30 pounds per
square inch above the average pr~ure existhygin the
combustion chamber after detonation.

The study of the combustion in the internal-com-
bustion engine is being carried on by the author under
the grant of the Sloan Automotive Fellowship, at
the Massachusetts Institute of Technology.
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TABLE I.—PRECISIONOF EXX’ERIhlENTALDATA

O.F.R.Onglm ,

I
N. JLC.A. Onglm

Uncar- uncm-
Unm- MntyIn- Unc?r- hintyln-

Qnnntlty Ml@ in troducd trdnty in trodnced
qnantuy infre qnantity inflw

qlmnoy Qlonoy
. —
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TABLE 11.—N.A.C.L ENGINE-SUMMARY OF DATA

AND RESULTS
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